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Most canted antiferromagnets are also anomalous Hall antiferromagnets (AHE AFMs), i.e. they
have an anomalous Hall response and other responses with the same symmetry requirements. We
suggest that AHE AFMs are promising materials as hosts for high-temperature quantum anomalous
Hall effects. By considering models of two-dimensional (001) perovskite layers with strong spin-orbit
coupling that isolates an effective total angular momentum j˜ = 1
2
subspace of the t2g manifold, we
propose a strategy to engineering quantum anomalous Hall antiferromagnets.
Introduction— The anomalous Hall effect (AHE) refers
to transverse charge current response to electric fields
that changes sign under time reversal, but does not re-
quire external magnetic fields. It is now well estab-
lished that the anomalous Hall conductivity, which can
be viewed as a time-reversal-odd pseudovector [1, 2],
is allowed by symmetry and relatively large in many
noncollinear antiferromagnets (AFMs) [1, 3–5]. When-
ever the anomalous Hall effect is present other physi-
cal observables which can, like the Hall conductivity, be
viewed as time-reversal-odd pseudovectors, such as the
Kerr [6, 7], Faraday (with caveats [8]), and anomalous
Nernst effects [9], are also present and remain large even
if the total magnetization accidentally vanishes.
We have previously proposed referring to antiferro-
magnets with large AHEs as AHE AFMs [2]. Since
the net magnetization, which has both spin and or-
bital contributions[2], is generically non-zero but typi-
cally very small in AHE AFMs, these materials are also
often referred to as weak ferromagnets. The AHE AFM
terminology emphasizes the important consequences of
symmetry [10] in these magnetic structures, which have
electrical and optical properties that are more similar to
those of regular strong ferromagnets. The study of weak
ferromagnetism has a long history, and has identified
many examples, including NiF2[11], α−Fe2O3 [10, 12],
and orthoferrites [13, 14], etc. Most have nearly collinear
antiferromagnetic order. The most common origin of
weak magnetization is spin-orbit-interaction driven cant-
ing of local moment directions relative to those in the
ideal collinear AFM structure.
The quantum anomalous Hall effect (QAHE) is an ex-
treme form of the AHE which can appear in two di-
mensional (2D) insulators. In the QAHE, a quantized
Hall conductance is carried by dissipationless chiral edge
channels which are protected by bulk Bloch bands with
nonzero Chern numbers [15, 16]. There have been many
theoretical proposals for realizations of the QAHE, most
[17–27], if not all [28–31], with time-reversal symmetry
broken by ferromagnetism. The only experimentally es-
tablished system, magnetically doped topological insu-
lators, has time-reversal broken by delicate ferromag-
netic ordering of the magnetic dopants, and as a con-
sequence requires very low temperatures for observation
of the quantized Hall conductance [16]. The most com-
mon strategy for identifying more robust QAHE systems
is to look for semi-metals with very small Fermi surfaces.
Formation of a QAHE state then requires only that these
small regions of the Brillouin zone be gapped [15] by ap-
propriate time-reversal symmetry breaking mass terms.
Because itinerant electron antiferromagnetism has the
general tendency of reducing the density of states at the
Fermi energy even in robust metals with large Fermi sur-
faces, we propose that the potential for achieving more
robust QAHE states is greater in AHE AFMs than in
itinerant electron ferromagnets which are rarely insula-
tors. In this Letter we study a model QAHE system
based on canted antiferromagnetism on a 2D square lat-
tice, and discuss its possible realization in orthorhombic
4d or 5d perovskite (001) thin films.
AHE in bulk collinear AFMs— We start by giving
some concrete model examples of how symmetry-allowed
canting can lead to an AHE in collinear AFMs. The
two classic examples of weak ferromagnetism are–NiF2
[11] and α−Fe2O3 (hematite) [10, 12]. When they are
described by spin models, canting can be driven either
by site-dependent single-ion anisotropy or by anisotropic
exchange interactions. Although the classical weak fer-
romagnets are very good insulators, and not ideal for ob-
serving an AHE even when doped [32], their properties
are still instructive. In particular the properties of NiF2
are related to the QAHE models that we introduce be-
low. Toy models motivated by the properties of hematite
are discussed in the supporting material [33].
NiF2 (Fig. 1) has a rutile structure with Ni atoms
on a distorted bcc lattice in which the lattice constant
along c is shorter than equal lattice constants along a
and b. The unit cell has two Ni atoms, each of which
is sitting at the center of an octahedron formed by 6 F
atoms, but the two octahedra differ by a pi/2 relative ro-
tation around c. The site anisotropy of the Ni moments
in the ab plane, defined by the F-Ni-F bonds, is there-
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2FIG. 1. (Color online) Structure and magnetic order of NiF2.
The large and small balls represent Ni and F atoms, respec-
tively. The arrows indicate the directions of the local mag-
netic moments on the Ni atoms.
fore different between the two Ni sites and favors a pi/2
difference in orientation that is in conflict with perfect
collinear antiferromagnetism. When both moments lie in
the ab plane and couple to each other antiferromagneti-
cally, anisotropy will align the Ne´el vector along a (or b)
with weak canting and a net moment along b (or a) [11].
Systems in which time-reversal accompanied by a
translation is a symmetry cannot support an AHE. Since
this symmetry is absent in NiF2 even when the moments
are forced to be perfectly collinear, we expect systems
with the NiF2 symmetry to be AHE AFMs. We have
constructed a minimal s − d model for NiF2-like mate-
rials by assuming s-electron hopping on the bcc lattice
formed by the Ni atoms, with a symmetry-allowed spin-
orbit coupling term constructed using the recipe given in
[2]. Specifically, since inversion symmetry with respect
to the center of a Ni-Ni bond along a main diagonal of
the cubic unit cell is broken by the off-center F atom, the
spin-dependent hopping along such a bond should resem-
ble the microscopic spin-orbit interaction [∝ (∇V ×p)·s],
by changing sign with hopping direction and being pro-
portional to s·n where n is a vector that is perpendicular
to the plane containing the Ni and F atoms. A staggered
local Zeeman field is added to mimic the antiferromag-
netic order in Fig. 1.
We calculated the intrinsic anomalous Hall conductiv-
ity vector σAH and the orbital magnetization Morb of
this 4-band model using different sets of parameter val-
ues, and found that they are generically nonzero. The
energy is lowest when the Ne´el vector is along the a or b
axes, in which case both σAH andMorb are perpendicular
to the Ne´el vector and in the ab plane, as expected from
symmetry considerations. When the Ne´el vector deviates
from the high symmetry directions, the lowered symme-
try allows σAH, Morb, and the net spin magnetization
Mspin to point in different directions. These effects must
be considered when studying coherent reorientation of
the order parameter using a magnetic field [2], for which
we presented a detailed analysis in [33].
In hematite, Dzyaloshinskii-Moriya interactions domi-
nate over single-ion anisotropy because trigonal symme-
try along the [111] direction eliminates uniaxial single-
ion anisotropy of Fe moments in the (111) plane. The
same symmetry consideration complicates construction
of the essential spin-orbit coupling term in the corre-
sponding minimal model for hematite structure antiferro-
magnets [33]. However, the two mechanisms do not nec-
essarily correspond to qualitatively different behaviors of
the AHE. Although it is not as commonly mentioned
as the above two mechanisms, a two-site anisotropy, or
anisotropy in the symmetric part of the exchange cou-
pling tensor between local moments, can also lead to
canting [34].
QAHE in 2D Canted AFMs: Building a Toy Model—
We next propose a two-dimensional (2D) square lat-
tice model based on the NiF2 structure, and show that
it can host a QAHE supported by canted AFM order.
The model, summarized in Fig. 2, is motivated by (011)
planes of NiF2, which have the same two-sublattice unit
cell as the bulk structure, an in-plane Ne´el vector (if the
Ne´el vector is along a as in Fig. 1), and symmetry-allowed
out-of-plane canting. As a result there can be a σAH
along the 2D plane normal.
We start by considering a three-term Hamiltonian:
H = Ht +Hex +Hso (1)
= −t
∑
〈iα,jβ〉γ
c†iαγcjβγ − Jex
∑
iαγδ
(nˆα · σγδ)c†iαγciαδ
+iλso
∑
〈iα,jβ〉γδ
[(ηˆiα,jβ × rˆiα,jβ) · σγδ]c†iαγcjβδ,
where Ht, Hex, and Hso capture nearest-neighbor spin-
independent hopping, exchange coupling to a staggered
in-plane on-site exchange field, and spin-orbit coupling,
with the coupling parameters t, Jex, and λso, respectively.
Here i, j label unit cell, α, β = A,B label sublattice,
and γ, δ label spin. The directions of the local exchange
fields nˆα and the spin-orbit coupling vector ηˆiα,jβ are
represented respectively by in-plane and the out-of-plane
arrows in the unit cell shown in Fig. 2.
The momentum space Hamiltonian after Fourier trans-
form is
Hk = −2t(cos kx + cos ky)τxσ0 − Jex√
2
τz(σx − σy) (2)
−2λso(cos kxτyσy + cos kyτyσx).
where kx,y are in units of 1/a, a being the nearest neigh-
bor distance, τ is the Pauli matrix vector in the sub-
lattice pseudospin space, and σ0 is the identity matrix
in real spin space. When only Ht is present, the energy
spectrum has four-fold degeneracies at zero energy along
the kx ± ky = ±pi and kx ± ky = ∓pi Brillouin zone
boundaries. Hso removes these degeneracies except at
the time-reversal-invariant momenta (pi2 , ζ
pi
2 ) [or equiva-
lently (ζ pi2 ,
pi
2 )] where ζ = ±1. Near the time reversal
3A B
x
y
FIG. 2. (Color online) A 2D model of a collinear AFM on
a square lattice that can give rise to QAHE. The orange in-
plane arrows on the 2D lattice sites represent the exchange
fields associated with magnetic order while the out of plane
arrows on the 2D lattice links represent the direction ηˆ in the
nearest-neighbor hopping spin-orbit coupling terms (Eq. 1).
invariant momenta
Hk,ζ = 2(tτxσ0 + λsoτyσy)kx (3)
+2ζ(tτxσ0 + λsoτyσx)ky − Jex√
2
τz(σx − σy),
where kx and ky are small momentum deviations. When
Jex = 0, the low-energy Hamiltonian maps to anisotropic
Dirac cones at two valleys distinguished by ζ with
k,ζ = ±2
√
(λ2so + t
2)k2 + 2ζtkxky. (4)
Finite Jex opens a gap at each valley. Note that if the
exchange fields are rotated in-plane by pi/2, replacing
σx−σy in the last term of Eq. 3 by σx+σy, the exchange
coupling term commutes with Hso at kx + ζky = 0 and
does not open a gap. It follows that when Jex is small
the Chern number contribution from valley ζ is Cζ = ζ,
i.e. the model system becomes a valley Chern insulator
but the total Chern number and σAH vanish. In order
to make C nonzero so that the system hosts QAHE, we
need to add mass terms to the Hamiltonian which have
different values at the two valleys. We now show that
these can be supplied by a Rashba spin-orbit coupling
combined with an out-of-plane canting of the exchange
fields, which are readily available in the more realistic
system explained in the next section.
The Rashba-type spin-orbit coupling contribution
(HR) to the Hamiltonian differs from Hso by replacing
ηˆiα,jβ in Eq. 1 with a vector along z (or −z). To lowest
order in k
HR,ζ = 2λRτx(ζσx − σy), (5)
where λR is a coupling constant. Note that HR,ζ anti-
commutes (commutes) with the exchange coupling term
when ζ = 1(−1), and therefore should have different ef-
fects on the gaps opened by finite Jex at the two val-
leys. HR,ζ does not, however, supply gaps by itself when
Jex = 0 since it commutes with the hopping terms in
Eq. 3 along kx = ky lines. Thus when ζ = 1, HR,ζ ef-
fectively shifts k but does not close the gap, while when
ζ = −1 it can close the gap but cannot reopen it. To
open the gap at the ζ = −1 valley again we simply need
a small constant gap term that anticommutes with Hex,
which can be supplied by an out-of-plane uniform ex-
change field due to canting:
Hcant = −Jzτ0σz, (6)
where τ0 is an identity matrix in sublattice space.
When all five terms are present in the Hamiltonian
we obtain a total valence band Chern number C = 2
over broad ranges of parameter space, when the relation
tso  Jex ∼ λR is qualitatively satisfied as discussed
above. The corresponding edge states for a typical set of
parameter values are illustrated in Fig. 3.
FIG. 3. (Color online) Plots of the imaginary part of the
edge Green’s function [35, 36] of semi-infinite systems of the
model in Fig. 2 with boundaries perpendicular to xˆ+ yˆ (left)
and xˆ − yˆ (right). Both edges show two branches of edge
states within the bulk gaps. The model parameters used for
this calculation were t = 1, λso = 0.5, Jex = 0.2, λR = 0.2,
and Jz = 0.1.
It is worth noting that the model above has an emer-
gent particle-hole symmetry C ≡ τzσy, which makes it
belong to the class C of the ten-fold Altland-Zirnbauer
classification, and have a 2Z topological invariant [37, 38].
This can be taken as one reason for the C = 2. The C
symmetry also leads to an interesting connection between
the QAHE model and class C topological superconduc-
tors [33].
QAHE in 2D Canted AFMs: Realistic
Considerations— We now show that this toy model
describes the low-energy physics of a realistic system.
We first note that the (011) plane of NiF2, including
the neighboring F atoms, looks similar to the (001)
plane of a perovskite with orthorhombic distortions, as
shown in Fig. 4. Orthorhombic distortion is common
in perovskites with the Goldschmidt tolerance factor
smaller than 1 [39], and is indeed the symmetry reason
for canting in magnetic perovskites such as orthoferrites
[10, 13]. In the classification of orthorhombic distortions
due to Glazer [40], the type of distortion in Fig. 4 is
referred to as a−b−c0, where a− means rotation of
4FIG. 4. Top view of a (001) layer of an orthorhombically
distorted perovskite with the chemical formula ABX3. Only
the B and X atoms forming octahedra are shown.
octahedra around the a axis of the so-called pseudocubic
cell defined by the undistorted lattice with one formula
unit per cell. Note that to maintain their bonding
with the common oxygen atom (assuming the material
under discussion is an oxide), two neighboring octahedra
along the directions perpendicular to a must rotate
oppositely. The − in a− means that the two neighboring
octahedra along the direction of a also rotate oppositely
(or out-of-phase). b− has a similar meaning, and for
simplicity we take the rotation angle identical to that
with respect to a. c0 means there is no rotation around
the c axis. We find that the rotation around c does not
lead to qualitatively different behaviors of the model
detailed below. In reality, depending on which direction
is defined as c the orthorhombic distortion along the
a and b axes can be either a−b− or a−b+. The latter,
however, makes the unit cell four time larger than the
undistorted lattice. To make direct comparison with
the toy model above we consider only a−b−, which only
doubles the unit cell.
For a transition metal ion in an octahedral crystal field,
its d orbitals are splitted into eg and t2g spaces separated
by an energy scale called 10Dq which is usually several
eV. The t2g space in particular has an effective orbital
angular momentum l˜ = 1, with dxy, − 1√2 (idzx ± dyz)
corresponding to l˜z = 0,±1 eigenstates, respectively
[41, 42]. The atomic spin-orbit coupling further splits
the t2g space into a two-fold effective total angular mo-
mentum j˜ = 12 space and a four-fold j˜ =
3
2 space. For 4d
and 5d elements with relatively large spin-orbit coupling
and partially-occupied j˜ = 12 space, one can describe the
low-energy physics of the system by projecting the full
Hamiltonian into this pseudospin space [42], with
|↑˜〉 = (dyz,↓ + idzx,↓ + dxy,↑)/
√
3, (7)
|↓˜〉 = (−dyz,↑ + idzx,↑ + dxy,↓)/
√
3,
where we have ignored the influence of a possible tetrag-
onal distortion [42], which we found to be of secondary
effects on the main conclusion.
We consider first the effect of orthorhombic distortion
on the hopping between neighboring d orbitals in this
pseudospin space. For an a− rotation by angle θ, when θ
is small, we found that the hopping along a between the
two sublattices through the intermediate oxygen atom,
written as a 2×2 matrix in the pseudospin space of each
ion’s local coordinate system, is
tAB,a = tdd(σ0 + 2iθσx), (8)
where tdd =
2V 2pdpi
3(p−d) , but hopping along b does not
change up to the 1st order in θ. In contrast, the b−
rotation by θ leads to
tAB,b = tdd(σ0 − 2iθσy), (9)
with the hopping along a unchanged up to the 1st order
in θ. Therefore, the out-of-phase orthorhombic rotation
leads to an spin-orbit coupling exactly the same as that in
the model above (Eq. 1), if one performs a −pi/2 rotation
around z in the spin space of the latter.
Moreover, if we assume there to be a staggered in-plane
Zeeman field coupled to the real spin in the model with
the same directions as that in Fig. 2, in the pseudospin
space such a term becomes
Hex = −Jex
[√
2
6
τz(σx + σy)− θ
3
τ0σz
]
. (10)
The first term is identical to that in Eq. 1 up to a pi/2
rotation in spin space. In addition, the 2nd term, auto-
matically given by the orthorhombic distortion, is exactly
the out-of-plane canting Hcant.
Finally, as discussed in [43], when the mirror symme-
try with respect to the plane of the transition metal ions
is broken, a Rashba-type spin-orbit coupling in the t2g
space can arise from the new two-center p − d integrals
Ex,zx along y and Ey,yz along x, that are allowed by
symmetry. This can be understood as due to an uniform
displacement of oxygen atoms that used to be coplanar
with the metal ions to the out-of-plane direction. As a
first approximation we assume the symmetry breaking
leading to the Rashba spin-orbit coupling is independent
of the orthorhombic distortion. After obtaining the effec-
tive d− d hopping with this effect included, and project-
ing it to the pseudospin space, we obtain a Rashba-type
spin-dependent hopping:
tRAB,±a = ±itRσy, tRAB,±b = ±itRσx, (11)
where ± means the hopping along opposite directions
takes opposite signs. Different contributions to tR can
be found in [43]. Although the Rashba-type hopping is
different from that in the toy model, on can check that at
the two valleys the (anti)commutation relations between
the different terms discussed for the toy model still hold.
The particle-hole symmetry C is also the same. Thus
based on the discussion in the previous section, in large
regions of the parameter space spanned by θ, Jex/tdd,
5and tR/tdd the present system can be a QAHE with 2Z
Chern number. For example, using θ = 11◦, Jex = 0.5tdd,
tR = 0.1tdd, which are reasonable in the j˜ =
1
2 space, we
got a C = 2.
Since above model requires broken mirror symmetry,
a practical structure based on it should be an interface
of orthorhombically distorted 4d or 5d perovskite which
is insulating in the bulk. Note that many bulk 5d ox-
ides derived from the perovskite structure already have
canted AFM orders, such as the spin-orbit Mott insula-
tor Sr2IrO4 [42, 44–46] and the post perovskite CaIrO3
[47]. If not one can use another canted insulating AFM
with similar structure, e.g., orthoferrite, to induce the
staggered exchange field at the interface. It is also pos-
sible to consider a single layer of the structure shown in
Fig. 4 sandwiched between two wide-gap insulators, with
one of them a canted AFM. Ideally the electronic struc-
ture at the interface should have the correct filling with
one electron (or hole) in the j˜ = 12 subspace of t2g. The
advantage of specializing to the j˜ = 12 space is that all
the parameters mentioned above are on the same order
of magnitude, which makes it easy for the system to be
tuned into a QAHE state.
Note added: In the preparation of this paper we no-
ticed a related preprint [48] on the AHE in collinear an-
tiferromagnets.
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